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PARTIAL TAMBARA STRUCTURE ON THE BURNSIDE BISET
FUNCTOR, INDUCED FROM A DERIVATOR-LIKE SYSTEM OF
ADJOINT TRIPLETS
HIROYUKI NAKAOKA
Abstract. In the previous article “A Mackey-functor theoretic interpretation
of biset functors”, we have constructed the 2-category S of finite sets with
variable finite group actions, in which bicoproducts and bipullbacks exist. As
shown in it, biset functors can be regarded as a special class of Mackey functors
on S.
In this article, we equip S with a system of adjoint triplets, which satisfies
properties analogous to a derivator. This system encodes the six operations for
finite groups. As a corollary, we show that the associated Burnside rings satify
analogous properties to a Tambara functor, in the context of biset functor
theory.
1. Introduction and Preliminaries
In the previous article [6], we have constructed the 2-category S of finite sets
with variable finite group actions. This 2-category admits finite bicoproducts and
bipullbacks, which enable us to define the categoryMack (S) of Mackey functors on
S. As shown in [6], biset functors defined by Bouc ([2]) can be regarded as a special
class of these Mackey functors.
In this article, we equip S with a system of adjoint triplets, which satisfies prop-
erties analogous to the defining conditions for derivators. This system encodes the
six operations for finite sets with finite group actions, namely, induction, restric-
tion, inflation, multiplicative induction, taking orbits and invariant parts (Example
5.1).
Hset Gset G/N set
""
Ind
oo Res <<
Jnd
""
Orb
oo Inf
<<
Inv
⊥
⊥
⊥
⊥
As a corollary, we show that the associated Burnside rings satisfy analogous prop-
erties to Tambara functors, in the context of biset functor theory.
Throughout this article, for a finite group G, let e ∈ G denote its unit element.
Abbreviately, we denote the trivial group by the same symbol e.
The strict 2-category S of finite sets with variable finite group actions, is defined
as follows. (For generalities of 2-categories, see [1],[5].)
Definition 1.1. ([6, Definition 2.2.12]) 2-category S is defined by the following.
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(0) A 0-cell is a pair of a finite group G and a finite G-set X . We denote this
pair by XG .
(1) For any pair of 0-cells XG and
Y
H , a morphism
α
θ :
X
G →
Y
H is a pair of a map
α : X → Y and a family of maps {θx : G→ H}x∈X satisfying
(i) α(gx) = θx(g)α(x)
(ii) θx(gg
′) = θg′x(g)θx(g
′)
for any x ∈ X and any g, g′ ∈ G. α is called the base map of 1-cell αθ . θ is
called the acting part.
For any sequence of 1-cells
X
G
α
θ−→
Y
H
β
τ−→
Z
K
,
their composition (βτ ) ◦ (
α
θ ) =
β◦α
τ◦θ is defined by
- β ◦ α : X → Z is the usual composition of maps of sets,
- τ ◦ θ is defined by
(τ ◦ θ)x = τα(x) ◦ θx
for any x ∈ X .
If there is a group homomorphism f such that θx = f (∀x ∈ X), then we
denote αθ by
α
f . In particular if f = idG, then we denote
α
idG
simply by αG .
For any 0-cell XG , the identity 1-cell is given by idXG
= idXG :
X
G →
X
G .
(2) For any pair of 1-cells αθ ,
α′
θ′ :
X
G →
Y
H , a 2-cell ε :
α
θ ⇒
α′
θ′ is a family of
elements {εx ∈ H}x∈X satisfying
(i) α′(x) = εxα(x),
(ii) εgxθx(g)ε
−1
x = θ
′
x(g)
for any x ∈ X and g ∈ G.
If we are given a sequence of 2-cells
X
G
Y
H
α
θ
  
α′
θ′
//
α′′
θ′′
>>
ε
ε′
then their vertical composition ε′ · ε : αθ ⇒
α′′
θ′′ is defined by
(ε′ · ε)x = ε
′
xεx (∀x ∈ X).
Any 2-cell is invertible with respect to this vertical composition.
Definition 1.2. Let XG
α
θ−→ YH
β
τ−→ ZK be a sequence of 1-cells.
(1) For a 2-cell
X
G
Y
H
α
θ
&&
α′
θ′
88ε ,
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define (βτ ) ◦ ε : (
β
τ ) ◦ (
α
θ )⇒ (
β
τ ) ◦ (
α′
θ′ ) by
(1.1) ((
β
τ
) ◦ ε)x = τα(x)(εx) (∀x ∈ X).
(2) For a 2-cell
Y
H
Z
K
β
τ
&&
β′
τ′
88δ ,
define δ ◦ (αθ ) : (
β
τ ) ◦ (
α
θ )⇒ (
β′
τ ′ ) ◦ (
α
θ ) by
(1.2) (δ ◦ (
α
θ
))x = δα(x) (∀x ∈ X).
Horizontal composition is denoted by “◦”, while “·” denotes vertical composition.
For example, for any diagram
X
G
Y
H
Z
K
α
θ
&&
α′
θ′
88
β
τ
&&
β′
τ′
88ε δ
in S, we have an equality
(δ ◦
α′
θ′
) · (
β
τ
◦ ε) = (
β′
τ ′
◦ ε) · (δ ◦
α
θ
).
In S, we can deal with both group homomorphisms and equivariant maps, in the
following way.
Example 1.3.
(1) Any homomorphism of finite groups f : G→ H induces a 1-cell 1f :
1
G →
1
H .
Here, 1 : 1→ 1 denotes the unique map between one-point set 1 with trivial
group action.
(2) For a fixed finite group G, a G-map α : X → Y induces a 1-cell αG :
X
G →
Y
G .
We call this type of 1-cell G-equivariant, or simply equivariant.
Definition 1.4. Let αθ :
X
G →
Y
H be a 1-cell.
(1) αθ is an equivalence if there is a 1-cell
β
τ :
Y
H →
X
G and 2-cells
ρ :
β
τ
◦
α
θ
⇒ idX
G
, λ :
α
θ
◦
β
τ
⇒ id Y
H
.
β
τ is called a quasi-inverse of
α
θ .
(2) αθ is an adjoint equivalence if there is a 1-cell
β
τ and 2-cells ρ, λ as above,
which moreover satisfy
α
θ
◦ ρ = λ ◦
α
θ
, ρ ◦
β
τ
=
β
τ
◦ λ
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in the diagram
X
G
Y
H
X
G
Y
H
X
G
α
θ //
β
τ //
α
θ
//
β
τ //
id
99
id
$$
id
99
ρ
λ
KS
ρ
.
Remark 1.5. ([6, Remark 2.2.14]) For any 1-cell αθ :
X
G →
Y
H in S, the following are
equivalent.
(1) αθ is an equivalence.
(2) αθ is an adjoint equivalence.
For this reason, in the later argument, we simply call it an equivalence.
Definition 1.6. Let ι : H →֒ G be a monomorphism of groups. For any X ∈
Ob(Hset), we define IndιX ∈ Ob(Gset) by
IndιX = G×
H
X = (G×X)/ ∼,
where the equivalence relation ∼ is defined by
- (ξ, x) and (ξ′, x′) in G×X are equivalent if there exists h ∈ H satisfying
ξ = ξ′ι(h), x′ = hx.
We denote the equivalence class of (ξ, x) by [ξ, x] ∈ IndιX . The G-action on IndιX
is defined by
g[ξ, x] = [gξ, x]
for any g ∈ G and [ξ, x] ∈ IndιX .
The following has been shown in [6].
Proposition 1.7. ([6, Proposition 3.1.2]) Let ι : H →֒ G be a monomorphism of
groups. For any X ∈ Ob(Hset), if we define a map υ : X → IndιX by
υ(x) = [e, x] (∀x ∈ X),
then the 1-cell
υ
ι
:
X
H
→
IndιX
G
becomes an equivalence. We call this an Ind-equivalence.
Definition 1.8. Let C be a strict 2-category with invertible 2-cells. For any pair
of 0-cells A1 and A2 in C, their bicoproduct (A1∐A2, ι1, ι2) is defined to be a triplet
of 0-cell A1 ∐ A2 and 1-cells
A1
ι1−→ A1 ∐ A2
ι2←− A2,
satisfying the following conditions.
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(i) For any 0-cell X and 1-cells fi : Ai → X (i = 1, 2), there exists a 1-cell
f : A1 ∐ A2 → X and 2-cells ξi : f ◦ ιi ⇒ fi (i = 1, 2) as in the following
diagram.
X
A1 A1 ∐ A2 A2
f1
!!❈
❈❈
❈❈
❈❈
❈❈
❈
f

f2
}}④④
④④
④④
④④
④④
ι1 // ι2oo
ξ1
y ③③③
ξ2
%
❉❉❉
(ii) For any triplets (f, ξ1, ξ2) and (f
′, ξ′1, ξ
′
2) as in (i), there exists a unique
2-cell η : f ⇒ f ′ such that ξ′i · (η ◦ ιi) = ξi (i = 1, 2), namely, the following
diagram of 2-cells is commutative for i = 1, 2.
f ◦ ιi f ′ ◦ ιi
fi
η◦ιi +3
ξi 
✽✽
✽✽
✽✽
✽✽
✽✽
✽✽
ξ′i ✝✝
✝✝
✝✝
✝✝
✝✝
✝✝
Definition 1.9. Let C be a strict 2-category with invertible 2-cells. For any 0-cells
A1, A2, B and 1-cells fi : Ai → B (i = 1, 2), bipullback of f1 and f2 is defined to be
a quartet (A1 ×B A2, π1, π2, κ) as in the diagram
A1 ×B A2 A1
A2 B
π1 //
π2

f1

f2
//
{ κ
⑧⑧⑧ ,
which satisfies the following conditions.
(i) For any diagram in C
X A1
A2 B
g1 //
g2

f1

f2
//
{
ε ⑧⑧⑧ ,
there exist g, ξ1, ξ2 as in the diagram
X
A1 ×B A2 A1
A2 B
g
$$❍
❍❍
❍❍
❍
g1

g2 ''
π1
//
π2

f1

f2
//
{ κ
⑧⑧⑧ξ2{ ⑧
⑧⑧
ξ1
EM
✒✒✒
✒✒✒
,
satisfying ε · (f1 ◦ ξ1) = (f2 ◦ ξ2) · (κ ◦ g), namely making the following
diagram of 2-cells commutative.
f1 ◦ π1 ◦ g f2 ◦ π2 ◦ g
f1 ◦ g1 f2 ◦ g2
κ◦g +3
f1◦ξ1

f2◦ξ2

ε
+3

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(ii) For any triplets (g, ξ1, ξ2) and (g
′, ξ′1, ξ
′
2) as in (i), there exists a unique
2-cell ζ : g ⇒ g′ which satisfies ξ′i · (πi ◦ ζ) = ξi (i = 1, 2).
Bicoproducts and bipullbacks are uniquely determined up to an equivalence.
Existence of bicoproducts and bipullbacks in S are shown in [6], as in the following
propositions.
Proposition 1.10. ([6, Proposition 3.2.15]) Let XG and
Y
H be any pair of 0-cells in
S. Denote the monomorphisms
G→ G×H ; g 7→ (g, e)
H → G×H ; h 7→ (e, h)
by ι(G) and ι(H) respectively, and denote the natural maps
X → Indι(G)X ∐ Indι(H)Y ; x 7→ [e, x] ∈ Indι(G)X
Y → Indι(G)X ∐ Indι(H)Y ; y 7→ [e, y] ∈ Indι(H)Y
by υX and υY . Then
X
G
υX
ι(G)−→
Indι(G)X ∐ Indι(H)Y
G×H
υY
ι(H)←−
Y
H
gives a bicoproduct of XG and
Y
H in S.
Proposition 1.11. ([6, Proposition 3.2.17]) Let αθ :
X
G →
Z
K and
β
τ :
Y
H →
Z
K be
any pair of 1-cells in S. Denote the natural projection homomorphisms by
pr(G) : G×H → G, pr(H) : G×H → H.
If we
- put F = {(x, y, k) ∈ X × Y ×K | β(y) = kα(x)}, and put
℘X : F → X ; (x, y, k) 7→ x,
℘Y : F → Y ; (x, y, k) 7→ y,
- equip F with a G×H-action
(g, h)(x, y, k) = (gx, hy, τβ(b)(h)kθα(x)(g)
−1)
(∀(g, h) ∈ G×H, ∀(x, y, k) ∈ F ),
- define a 2-cell κ : αθ ◦
℘X
pr(G)
⇒ βτ ◦
℘Y
pr(H)
by
κ(x,y,k) = k,
then the diagram
F
G×H
X
G
Y
H
Z
K
℘X
pr(G) //
℘Y
pr(H) 
α
θ

β
τ
//
x 
κ ②②②②
gives a bipullback in S.
Thus the 2-category S has the following.
- Initial 0-cell ∅ = ∅e , and terminal 0-cell
1
e . Here e denotes the trivial group.
- Any finite bicoproduct.
- Any bipullback.
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Definition 1.12. A 1-cell αθ :
X
G →
Y
H is called stab-surjective, if the following
conditions are satisfied.
(i) Y = Hα(X) holds.
(ii) If x, x′ ∈ X and h, h′ ∈ H satisfy hα(x) = h′α(x′), then there exists g ∈ G
which satisfies x′ = gx and h = h′θx(g).
Properties of stab-surjective 1-cells are as follows ([6]).
Proposition 1.13. ([6, section 4.1]) The following holds for the stab-surjectivity.
(1) If αθ is an equivalence, then
α
θ is stab-surjective.
(2) Stab-surjectivity is closed under equivalences by 2-cells. Namely, if there
exists a 2-cell ε : αθ ⇒
α′
θ′ and if
α
θ is stab-surjective, then so is
α′
θ′ .
(3) Stab-surjectivity is closed under compositions of 1-cells. Namely, if XG
α
θ−→
Y
H
β
τ−→ ZK is a sequence of stab-surjective 1-cells, then so is
β
τ ◦
α
θ .
(4) Stab-surjectivity is stable under bipullbacks. Namely, if
W
L
X
G
Y
H
Z
K
γ
µ //
δ
ν 
α
θ
β
τ
//
{
ε ⑧⑧⑧
is a bipullback in S and if βτ is stab-surjective, then so is
γ
µ .
Definition 1.14. Let αθ :
X
G →
Y
H be any 1-cell in S.
(1) Define SIm(αθ ) ∈ Ob(Hset) by
SIm(
α
θ
) = H ×
G
X = (H ×X)/ ∼,
where the relation ∼ is defined as follows.
- (η, x), (η′, x′) ∈ H ×X are equivalent if there exists g ∈ G satisfying
x′ = gx and η = η′θx(g).
We denote the equivalence class of (η, x) by [η, x]. The H-action on SIm(αθ )
is given by
h[η, x] = [hη, x].
We call SIm(αθ ) the stabilizerwise image of
α
θ .
(2) Define a map υα : X → SIm(
α
θ ) by
υα(x) = [e, x] (∀x ∈ X),
then υαθ :
X
G →
SIm(α
θ
)
H becomes a stab-surjective 1-cell.
Remark 1.15. SIm(αθ ) essentially depends only on the acting part θ.
The following has been shown in [6].
Proposition 1.16. ([6, Proposition 4.2.6]) For any 1-cell αθ :
X
G →
Y
H , if we define
a map α˜ by
α˜ : SIm(
α
θ
)→ Y ; [η, x] 7→ ηα(x)
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then the following diagram in S becomes commutative.
X
G
SIm(α
θ
)
H
Y
H
υα
θ 55❧❧❧❧❧❧❧
α˜
H
))❘❘❘
❘❘❘
❘
α
θ
44
We call this the SIm-factorization of αθ .
The following ensures the uniqueness of the SIm-factorization, up to equivariant
isomorphisms ([6]).
Remark 1.17. ([6, Proposition 4.2.7]) Let αθ :
X
G →
Y
H be any 1-cell, and let
α
θ =
α˜
H ◦
υα
θ be its SIm-factorization. If there is another factorization of
α
θ as
X
G
W
H
Y
H
β
τ
55❧❧❧❧❧❧❧❧❧
γ
H
))❘❘❘
❘❘❘
❘❘❘
α
θ
44ε
in which βτ is stab-surjective, then the H-map
ω : SIm(
α
θ
)→W ; [η, x] 7→ ηεxβ(x)
gives an isomorphism satisfying γ ◦ ω = α˜, and ε gives a 2-cell ε : βτ ⇒
ω
H ◦
υα
θ . As
a diagram, this is depicted as follows.
X
G
W
H
SIm(α
θ
)
H
Y
H
β
τ //
υα
θ

γ
H

α˜
H
//
ω
H
::✉✉✉✉✉✉✉✉✉✉
ε

 ✌✌
✌
✌✌
✌

2. Bifunctor B
Let CAT denote the 2-category of categories, whose 1-cells are functors, and
2-cells are natural transformations. In this section, we give a bifunctor B : Sop →
CAT, which associates B(XG ) = Gset/X to any 0-cell
X
G in S.
Remark 2.1. As in [7], to avoid a set-theoretical difficulty to deal with “2-category
of categories”, we use the terminology bifunctor to mean simply a correspondence
0-cell
X
G
7→ category B(
X
G
) = Gset/X,
1-cell
α
θ
:
X
G
→
Y
H
7→ functor B(
α
θ
) = (
α
θ
)∗ : Hset/Y → Gset/X,
2-cell ε :
α
θ
⇒
α′
θ′
7→ natural transformation B(ε) : B(
α
θ
)⇒ B(
α′
θ′
)
with natural isomorphisms
B(
β
τ
◦
α
θ
) ∼= B(
α
θ
) ◦ B(
β
τ
), B(idX
G
) ∼= IdB(X
G
),
which, when we take isomorphism classes A(XG ) = Ob(Gset/X)/
∼= at each XG ,
becomes functorial (Definition 6.7, Corollary 6.8).
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Definition 2.2. Let αθ :
X
G →
Y
H be a 1-cell in S. Define a functor (
α
θ )
∗ : Hset/Y →
Gset/X as follows.
(1) For (B, b) = (B
b
→ Y ) ∈ Ob(Hset/Y ), define (
α
θ )
∗(B, b) = (X ×
Y
B
pX
−→ X)
by the following.
(i) X ×
Y
B = {(x, b) | α(x) = b(b)} is the usual fibered product of sets.
(ii) G-action on X ×
Y
B is given by
g(x, b) = (gx, θx(g)b) (∀g ∈ G, (x, b) ∈ X ×
Y
B).
(iii) pX : X ×
Y
B → X is the projection onto X , which is obviously G-
equivariant.
(2) For a morphism f : (B, b)→ (B′, b′) in Hset/Y , define (
α
θ )
∗(f) by
(
α
θ
)∗(f) : X ×
Y
B → X ×
Y
B′ ; (x, b) 7→ (x, f(b)).
Remark 2.3. For a G-equivariant 1-cell αG :
X
G →
Y
G , the functor (
α
G )
∗ : Gset/Y →
Gset/X agrees with the usual pullback functor
α∗ = X ×
Y
− : Gset/Y → Gset/X.
Proposition 2.4. Let αθ :
X
G →
Y
H be any 1-cell, and let (B, b) be any object in
Hset/Y . Then the commutative diagram
(2.1)
X
G
X×
Y
B
G
Y
H
B
H
pX
Goo
α
θ

α⋄
θ⋄

b
H
oo

where α
⋄
θ⋄ is defined by
α⋄(x, b) = b, θ⋄(x,b) = θx
for any (x, b) ∈ X ×
Y
B, gives a bipullback in S.
Proof. Remark that we have a bipullback
X
G
F
G×H
Y
H
B
H
℘X
pr(G)oo
α
θ

℘B
pr(H)

b
H
oo
&
κ❊❊❊❊
as in Proposition 1.11. Define 1-cells
m
τ
:
X ×
Y
B
G
→
F
G×H
and
ℓ
pr(G)
:
F
G×H
→
X ×
Y
B
G
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by
m(x, b) = (x, b, e) (∀(x, b) ∈ X ×
Y
B),
ℓ(x, b, η) = (x, η−1b) (∀(x, b, η) ∈ F ),
τ(x,b)(g) = (g, θx(g)) (∀(x, b) ∈ X ×
Y
B, g ∈ G),
and define a 2-cell ε : mτ ◦
ℓ
pr(G)
⇒ id by
ε(x,b,η) = (e, η) (∀(x, b, η) ∈ F ).
Then the diagram
X×
Y
B
G
F
G×H
X×
Y
B
G
F
G×Hm
τ
//
ℓ
pr(G)
//
m
τ //
id
((
id
66
ε
KS

shows that mτ is an equivalence. Thus the diagram
X×
Y
B
G
X
G
F
G×H
Y
H
B
H
≃
m
τ
||①①①
①
pX
G
}}
α⋄
θ⋄
yy
℘X
pr(G)
oo
α
θ

℘B
pr(H)

b
H
oo
'κ
●●●●●


and the equality κ ◦ mτ = id shows that (2.1) is a bipullback. 
The following immediately follows from the universal property of bipullbacks.
Corollary 2.5. For any 1-cell αθ :
X
G →
Y
H in S, put B(
α
θ ) = (
α
θ )
∗.
(1) If ε : αθ ⇒
α′
θ′ is a 2-cell in S, then there is a natural transformation
B(ε) : B(
α
θ
)⇒ B(
α′
θ′
),
which is in fact an isomorphism because of the invertibility of ε. Explicitly,
this is given by
B(ε)(B,b) : {(x, b) | α(x) = b(b)} → {(x, b) | α
′(x) = b(b)} ; (x, b) 7→ (x, ε−1x b)
for each (B, b) ∈ Ob(Hset/Y ).
(2) If XG
α
θ−→ YH
β
τ−→ ZK is a sequence of 1-cells in S, then there is a naturally
defined isomorphism
B(
β
τ
◦
α
θ
) ∼= B(
α
θ
) ◦ B(
β
τ
).
(3) For any 0-cell XG in S, there is a natural isomorphism
B(idX
G
) ∼= IdB(X
G
).
These are given in a natural way, resulting in a bifunctor B : Sop → CAT.
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3. Left adjoint of (αθ )
∗
We construct a left adjoint of (αθ )
∗, for any 1-cell αθ in S.
Remark 3.1. If αG :
X
G →
Y
G is a G-equivariant 1-cell, then a left adjoint of (
α
G )
∗ =
α∗ : Gset/Y → Gset/X is given by the composition functor
α+ = α ◦ − : Gset/X → Gset/Y.
Definition 3.2. Let αθ :
X
G →
Y
H be any 1-cell. Define a functor Sαθ : Gset/X →
Hset/SIm(
α
θ ) as follows.
From any morphism f : (A, a)→ (A′, a′) in Gset/X , we obtain a diagram in S
A
G
A′
G
SIm(α
θ
◦ a
G
)
H
SIm(α
θ
◦ a
′
G
)
H
SIm(α
θ
)
H
Y
H
υ(α◦a)
θ′
%%▲▲
▲▲
▲▲
▲▲
υ
(α◦a′)
θ′′
99rrrrrrr
f
G

a
H
**❱❱❱
❱❱❱❱
❱
a
′
H
44❤❤❤❤❤❤❤❤
f
H

α˜
H //
υα
θ
◦ a
G

υα
θ
◦ a
′
G
AA
(˜α◦a)
H
##
˜(α◦a′)
H
;;





where
α
θ
◦
a
G
=
(˜α ◦ a)
H
◦
υ(α◦a)
θ′
and
α
θ
◦
a′
G
=
˜(α ◦ a′)
H
◦
υ(α◦a′)
θ′′
are SIm-factorizations, and a, a′, f are given by
a : H ×
G
A→ H ×
G
X ; [η, a] 7→ [η, a(a)],
a
′ : H ×
G
A′ → H ×
G
X ; [η, a′] 7→ [η, a′(a′)],
f : H ×
G
A→ H ×
G
A′ ; [η, a] 7→ [η, f(a)].
Using this, we define Sα
θ
by
Sα
θ
(A, a) = (SIm(
α
θ
◦
a
G
)
a
−→ SIm(
α
θ
)), Sα
θ
(f) = f
for any object (A, a) and morphism f in Gset/X .
Definition 3.3. For any 1-cell αθ :
X
G →
Y
H , let
α
θ =
α˜
H ◦
υα
θ be its SIm-factorization,
and define a functor (αθ )+ : Gset/X → Hset/Y to be the composition of
Gset/X
Sα
θ−→ Hset/SIm(
α
θ
)
α˜+
−→ Hset/Y.
Remark 3.4. The following holds.
(1) The functor Sα
θ
depends only on the acting part θ. In particular, for any
1-cell αθ , we have Sαθ = S
υα
θ
∼= (υαθ )+.
(2) If αθ is stab-surjective, then α˜ is an isomorphism, and thus α˜+ is an iso-
morphism of categories.
(3) For an equivariant 1-cell αG , we have (
α
G )+
∼= α˜+ ∼= α+.
By (1), we denote Sα
θ
simply by Sθ, when there is no confusion.
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Proposition 3.5. For any 1-cell αθ :
X
G →
Y
H , functor (
α
θ )+ is left adjoint to (
α
θ )
∗.
Proof. It suffices to construct a natural bijection
Φ: Hset/Y (SIm(
α
θ
◦
a
G
)
(˜α◦a)
−→ Y,B
b
−→ Y )
∼=
←→ Gset/X(A
a
−→ X,X×
Y
B
pX
−→ X) : Ψ
for any (A, a) ∈ Ob(Gset/X) and (B, b) ∈ Ob(Hset/Y ).
Construction of Φ
Let ψ ∈ Hset/Y (SIm(
α
θ ◦
a
G )
(˜α◦a)
−→ Y,B
b
−→ Y ) be any morphism. Define Φ(ψ)
by
Φ(ψ)(a) = (a(a), ψ([e, a])) (∀a ∈ A).
Then G-equivariance of Φ(ψ) follows from
Φ(ψ)(ga) = (a(ga), ψ([e, ga]))
= (ga(a), ψ(θa(a)(g)[e, a]))
= gΦ(ψ)(a) (∀g ∈ G, a ∈ A).
The equality pX ◦Φ(ψ) = a is trivially satisfied.
Construction of Ψ
Let ϕ ∈ Gset/X(A
a
−→ X,X ×
Y
B
pX
−→ X) be any morphism. Define Ψ(ϕ) by
Ψ(ϕ)([η, a]) = η pB ◦ ϕ(a) (∀[η, a] ∈ SIm(
α
θ
◦
a
G
)),
where pB : X ×
Y
B → B is the projection(= α⋄). For any g ∈ G, we have
Ψ(ϕ)([ηθa(a)(g)
−1, ga]) = ηθa(a)(g)
−1pB ◦ ϕ(ga) = η pB ◦ ϕ(a) = Ψ(ϕ)([η, a]),
which shows the well-definedness of Ψ(ϕ).
H-equivariance of Ψ(ϕ) is obvious. The equality b ◦Ψ(ϕ) = (˜α ◦ a) follows from
(b ◦Ψ(ϕ))([η, a]) = b(η pB ◦ ϕ(a)) = η b(pB ◦ ϕ(a))
= η α(pX ◦ ϕ(a)) = η α(a(a))
= (˜α ◦ a)([η, a]) (∀[η, a] ∈ SIm(
α
θ
◦
a
G
)).
Confirmation of Ψ ◦ Φ = id
For any ψ ∈ Hset/Y (SIm(
α
θ ◦
a
G )
(˜α◦a)
−→ Y,B
b
−→ Y ), we have
Ψ(Φ(ψ))([η, a]) = η (pB ◦ Φ(ψ))(a) = η ψ([e, a]) = ψ([η, a])
for any [η, a] ∈ SIm(αθ ◦
a
G ), and thus Ψ(Φ(ψ)) = ψ.
Confirmation of Φ ◦Ψ = id
For any ϕ ∈ Gset/X(A
a
−→ X,X ×
Y
B
pX
−→ X), we have
Φ(Ψ(ϕ))(a) = (a(a),Ψ(ϕ)([e, a])) = (a(a), pB ◦ ϕ(a)) = ϕ(a)
for any a ∈ A, and thus Φ(Ψ(ϕ)) = ϕ. 
Corollary 3.6. If αθ :
X
G →
Y
H is stab-surjective, then the functor (
α
θ )
∗ : Hset/Y →
Gset/X is fully faithful. Equivalently, the counit Λ: (
α
θ )+(
α
θ )
∗ ⇒ Id associated to
(αθ )+ ⊣ (
α
θ )
∗ is an isomorphism.
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Proof. By Proposition 2.4, for any (B, b) ∈ Ob(Gset/Y ), the diagram (2.1) is
a bipullback. As in Proposition 1.13, stab-surjectivity of αθ implies that
α⋄
θ⋄ is
also stab-surjective. Thus diagram (2.1) gives a factorization of αθ ◦
pX
G into stab-
surjective α
⋄
θ⋄ and equivariant
b
H . By Remark 1.17, we have an H-isomorphism
ω : SIm(
α
θ
◦
pX
G
)
∼=
−→ B ; [η, (x, b)] 7→ ηα⋄(x, b) = ηb,
compatible with ˜(α ◦ pX) and b. The construction of Ψ given in the proof of Propo-
sition 3.5 shows
ω = Ψ(id(α
θ
)∗(B,b)) = Λ(B,b).
Thus Λ is isomorphic at any (B, b) ∈ Ob(Hset/Y ). 
4. Right adjoint of (αθ )
∗
We construct a right adjoint of (αθ )
∗, for any 1-cell αθ in S.
Remark 4.1. If αG :
X
G →
Y
G is a G-equivariant 1-cell, then a right adjoint functor
of ( αG )
∗ = α∗ is given by the functor
α• = Πα : Gset/X → Gset/Y
defined as follows ([8, section 1]).
(1) For an object (A, a) ∈ Ob(Gset/X), define Πα(A, a) = (Πα(A)
πY−→ Y ) as
follows.
(i) Πα(A) is the set of pairs (y, σ) of y ∈ Y and a map σ : α−1(y) → A
which makes the following diagram commutative.
α−1(y) A
X
σ //
l
✻
✻✻
✻✻
✻✻
a
✟✟
✟✟
✟✟
✟

(ii) G-action on Πα(A) is given by
g(y, σ) = (gy, gσ) (∀g ∈ G, (y, σ) ∈ Πα(A)),
where gσ is defined by
gσ : α−1(gy)→ A ; x 7→ gσ(g−1x).
(iii) πY : Πα(A) → Y is the projection onto Y , which is obviously G-
equivariant.
(2) For a morphism f : (A, a)→ (A′, a′) in Gset/X , define Πα(f) : Πα(A, a)→
Πα(A
′, a′) by
Πα(f) : Πα(A)→ Πα(A
′) ; (y, σ) 7→ (y, f ◦ σ).
Definition 4.2. Let αθ :
X
G →
Y
H be a 1-cell in S, and let (A, a) = (A
a
→ X) be an
object in Gset/X . At a point a ∈ A, we consider the following equivalence relation
≡
(α
θ
,a)
on G.
- Two elements g, g′ ∈ G are said to satisfy g ≡
(α
θ
,a)
g′ at a, if they satisfy
θa(a)(g) = θa(a)(g
′) and ga(a) = g′a(a).
14 HIROYUKI NAKAOKA
Remark 4.3. Let αθ , (A, a) and a ∈ A be as above. For any g, g
′ ∈ G, the following
holds.
(1) This equivalence relation depends only on the acting part θ. In particular
we have
g ≡
(α
θ
,a)
g′ at a ⇔ g ≡
( υα
θ
,a)
g′ at a.
(2) For any g0 ∈ G, we have
g ≡
(α
θ
,a)
g′ at g0a ⇔ gg0 ≡
(α
θ
,a)
g′g0 at a.
(3) For an equivariant 1-cell αG ,
g ≡
( α
G
,a)
g′ at a ⇔ g = g′
holds for any a ∈ A.
By (1), we denote ≡
(α
θ
,a)
simply by ≡
(θ,a)
when there is no confusion.
Definition 4.4. Let αθ :
X
G →
Y
H be any 1-cell in S. Define an endofunctor
(−)
α
θ : Gset/X → Gset/X
as follows.
(1) For an object (A, a) in Gset/X , define (A, a)
α
θ = (A
α
θ
a◦ι
−→ X) ∈ Ob(Gset/X)
by the following.
(i) A
α
θ ⊆ A is the subset, consisting of a ∈ A satisfying
g ≡
(θ,a)
g′ at a =⇒ ga = g′a
for any g, g′ ∈ G. By Remark 4.3 (2), this becomes a G-subset of A.
(ii) ι : A
α
θ →֒ A denotes the inclusion.
(2) For a morphism f : (A, a) → (A′, a′) in Gset/X , since we have f(A
α
θ ) ⊆
A′
α
θ , we define f
α
θ : (A, a)
α
θ → (A′, a′)
α
θ by f
α
θ = f |
A
α
θ
.
Remark 4.5. Let αθ :
X
G →
Y
H be any 1-cell in S. For any (A, a) ∈ Ob(Gset/X),
applying (−)
α
θ to the unique morphism
a : (A, a)→ (X, idX),
we obtain the following commutative diagram
A
α
θ X
α
θ = X
X
a
α
θ //
a◦ι
✻
✻✻
✻✻
✻✻
idX
✟✟
✟✟
✟✟
✟

which means a ◦ ι = a
α
θ . For this reason, we abbreviately write (A, a)
α
θ = (A
α
θ , a
α
θ )
in the rest. Moreover, since the functor (−)
α
θ depends only on the acting part θ by
Remark 4.3, we denote it simply by (−)θ if there is no confusion. Thus we often
write as (A, a)θ = (Aθ, aθ) for an object (A, a) ∈ Ob(Gset/X). For any 1-cell
α
θ ,
the functor (−)θ is idempotent. Namely, we have (−)θ ◦ (−)θ = (−)θ.
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Definition 4.6. For any 1-cell αθ :
X
G →
Y
H , take its SIm-factorization
α
θ =
α˜
H ◦
υα
θ ,
and define a functor (αθ )• : Gset/X → Hset/Y to be the composition of the following
sequence of functors.
Gset/X
(−)θ
−→ Gset/X
Sθ−→ Hset/SIm(
α
θ
)
Πα˜−→ Hset/Y
Remark 4.7. By Remarks 3.4 and 4.3, we have ( αG)•
∼= α˜• ∼= α• for an equivariant
1-cell αG .
Lemma 4.8. Let αθ :
X
G →
Y
H be any 1-cell. If we denote the essential image of the
functor
(−)θ : Gset/X → Gset/X
(namely, the full subcategory of Gset/X consisting of objects isomorphic to objects
of the form (A, a)θ for some (A, a) ∈ Ob(Gset/X)) by F ⊆ Gset/X , then the
following holds.
(1) An object (A, a) ∈ Ob(Gset/X) belongs to F if and only if the subset
Aθ ⊆ A is equal to A itself.
(2) (−)θ : Gset/X → F is right adjoint to the inclusion F →֒ Gset/X .
Proof. (1) follows from the idempotency of (−)θ.
(2) Let (A, a) ∈ Ob(Gset/X) and (A′, a′) ∈ Ob(F) be any pair of objects. A
natural bijection
Gset/X((A
′, a′), (A, a))
∼=
←→ F((A′, a′), (A, a)θ)
exists, since we have f(A′) = f(A′θ) ⊆ Aθ for any f ∈ Gset/X((A′, a′), (A, a)). 
Lemma 4.9. Let αθ :
X
G →
Y
H be any 1-cell, and let F be as in Lemma 4.8.
(1) The functor (αθ )
∗ : Hset/Y → Gset/X factors through F . Namely, we have
(αθ )
∗(B, b) ∈ Ob(F) for any (B, b) ∈ Ob(Hset/Y ).
(2) Assume αθ is stab-surjective. Then
(
α
θ
)+|F : F → Hset/Y and (
α
θ
)∗ : Hset/Y → F
are mutually quasi-inverses.
Proof. (1) By definition, we have (αθ )
∗(B, b) = (X ×
Y
B
pX
−→ X). Let (x, b) ∈ X ×
Y
B
be any point. For any g, g′ ∈ G satisfying g ≡
(θ,pX)
g′ at (x, b), the equalities
θx(g) = θx(g
′) and gx = g′x
imply
g(x, b) = (gx, θx(g)b) = (g
′x, θx(g
′)b) = g′(x, b).
This means (x, b) ∈ (X ×
Y
B)θ.
(2) By Corollary 3.6, we have (αθ )+(
α
θ )
∗
∼=
=⇒ Id. So it remains to show that the
unit Id ⇒ (αθ )
∗(αθ )+ gives an isomorphism at any (A, a) ∈ Ob(F). By definition,
we have
(
α
θ
)∗(
α
θ
)+(A, a) ∼= (
α
θ
)∗(
α
θ
)+((A, a)
θ)
= (
α
θ
)∗(H ×
G
Aθ
˜(α◦aθ)
−→ Y ) = (X ×
Y
(H ×
G
Aθ)
pX
−→ X)
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with
X ×
Y
(H ×
G
Aθ) = {(x, [η, a]) ∈ X × (H ×
G
Aθ) | α(x) = η α(a(a))}.
By the construction of Φ in the proof of Proposition 3.5, the unit is given by the
G-map
λ : Aθ → X ×
Y
(H ×
G
Aθ) ; a 7→ (a(a), [e, a])
at (A, a)θ. It suffices to give its inverse map. For any (x, [η, a]) ∈ X ×
Y
(H ×
G
Aθ),
stab-surjectivity of αθ and the condition α(x) = η α(a(a)) imply the existence of an
element g ∈ G satisfying
(4.1) x = ga(a) and η = θa(a)(g).
If we put ̟(x, [η, a]) = ga, this gives a well-defined map
̟ : X ×
Y
(H ×
G
Aθ)→ Aθ.
In fact, if [η, a] = [η′, a′] holds inH×
G
Aθ, then by definition there is g0 ∈ G satisfying
(4.2) η = η′θa(a)(g0) and a
′ = g0a.
If g′ ∈ G satisfies
(4.3) x = g′a(a′) and η′ = θa(a′)(g
′),
then (4.1), (4.2), (4.3) imply g ≡
(θ,a)
g′g0 at a. Since a ∈ Aθ, this means
ga = g′g0a = g
′a′.
It can be easily verified that ̟ is inverse to λ. 
Proposition 4.10. For any 1-cell αθ :
X
G →
Y
H , functor (
α
θ )• is right adjoint to
(αθ )
∗.
Proof. Remark that we have natural isomorphisms
(
α
θ
)∗ ∼= (
υα
θ
)∗ ◦ α˜∗, (
α
θ
)• ∼= α˜• ◦ (
υα
θ
)•
and the adjointness α˜∗ ⊣ α˜•. Thus replacing
υα
θ by
α
θ , it suffices to show the
adjointness (αθ )
∗ ⊣ (αθ )• for stab-surjective 1-cell
α
θ .
Assume αθ is stab-surjective. In this case, since α˜
∗ is an equivalence of categories,
it follows α˜+ ∼= α˜•. If we denote the inclusion F →֒ Gset/X by j, then by Lemmas
4.8 and 4.9, we have the following sequence of adjoint pairs.
Hset/Y F Gset/X
(α
θ
)∗
##&&
α˜+◦Sθ∼=α˜•◦Sθ
gg
j
''
(−)θ
ff⊥ ⊥

It follows (αθ )
∗ ⊣ α˜• ◦ Sθ ◦ (−)θ = (
α
θ )•. 
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5. Six operations
So far, we have associated an adjoint triplet
(5.1) Hset/Y Gset/X
(α
θ
)+
{{
(α
θ
)∗ //
(α
θ
)•
cc
⊥
⊥
to any 1-cell αθ :
X
G →
Y
H . By the decomposition into orbits and SIm-factorizations,
we see any 1-cell in S can be constructed from the following two typical types of
morphisms (up to equivalences), by using unions and compositions.
[I] For a subgroup H ≤ G, the unique map p : G/H → G/G = 1 induces a
G-equivariant 1-cell
(5.2)
p
G
:
G/H
G
→
1
G
.
If we compose this with the Ind-equivalence 1H
≃
−→ G/HG , we obtain
1
ι :
1
H →
1
G , where ι : H →֒ G is the inclusion.
[II] For a normal subgroup N ⊳ G, the quotient homomorphism q : G→ G/N
induces a stab-surjective 1-cell
(5.3)
1
q
:
1
G
→
1
G/N
.
Example 5.1. Let αθ be a 1-cell. For types [I] and [II], each of functors (
α
θ )+, (
α
θ )
∗
and (αθ )• is isomorphic to the following functors.
type [I] type [II]
(αθ )+ Ind
G
H Orb
G
G/N
(αθ )
∗ ResGH Inf
G
G/N
(αθ )• Jnd
G
H Inv
G
G/N
Thus (5.1) recovers the following six operations (cf. [9]) for finite groups.
Hset Gset G/N set
""
Ind
oo Res <<
Jnd
""
Orb
oo Inf
<<
Inv
⊥
⊥
⊥
⊥
Proof. For type [I], this is well-known. (As for Jnd, see for example [8].) Since it
can be also easily verified for Inf, we only show for Orb and Inv. Let αθ =
1
q be as
in (5.3). In this case, we have SIm(1q ) = 1, and canonically identify as
Gset/1 = Gset , Hset/1 = Hset .
We may assume (1q )+
∼= S 1
q
and (1q )•
∼= S 1
q
◦ (−)
1
q .
Functor Orb.
By Remark 3.4, the functor (1q )+ sends an object A ∈ Ob(Gset) to
SIm(
A
G
1
q
−→
1
G/N
) = (G/N)×
G
A = ((G/N)×A)/ ∼,
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where (ξN, a) and (ξ′N, a′) in (G/N)×A are equivalent if and only if there exists
g ∈ G satisfying
ξgN = ξ′N and a′ = ga.
Thus we have a G/N -isomorphism
A/N
∼=
−→ ((G/N)×A)/ ∼ ; a 7→ [e, a]
which gives a natural isomorphism OrbGG/N
∼=
=⇒ (1q )+.
Functor Inv.
For any A ∈ Ob(Gset), we have
A
1
q = {a ∈ A | gN = g′N =⇒ ga = g′a (∀g, g′ ∈ G)}
= {a ∈ A | na = a (∀n ∈ N)} = AN .
Applying S 1
q
to AN simply means that we regard AN as a G/N -set. This induces
a natural isomorphism InvGG/N
∼=
=⇒ S 1
q
◦ (−)
1
q . 
6. Derivator-like properties and associated semi-Mackey functors
As in [7], a derivator is a strict 2-functor D : Catop → CAT satisfying conditions
(Der1),. . .,(Der4), from the 2-category of small categories Cat. (For the detail, see
[7].) In this section, we show that the bifunctor B : Sop → CAT satisfies properties
analogous to them, when Cat is replaced by S.
In the following, we recall conditions (Der1),. . .,(Der4) from [7] one by one,
and consider their analogs. Let D : Catop → CAT be a strict 2-functor (i.e. a
prederivator ([7, Definition 1.1])). For any 1-cell u : J → K in Cat, denote D(u) by
u∗. Condition (Der 1) is as follows.
Condition 1. ((Der 1) in [7, Definition 1.5].) D sends coproducts to products.
Namely, for any pair of 0-cells J1, J2 in Cat, if we take their coproduct
J1
u1−→ J1 ∐ J2
u2←− J2,
then
(u∗1, u
∗
2) : D(J1 ∐ J2)→ D(J1)× D(J2)
is an equivalence of categories.
Its analog for B is the following.
Proposition 6.1. B sends bicoproducts to products. Namely, for any pair of 0-cells
X
G ,
Y
H in S, if we take their bicoproduct
X
G
α
θ−→
X
G
∐
Y
H
β
τ←−
Y
H
,
then
((
α
θ
)∗, (
β
τ
)∗) : B(
X
G
∐
Y
H
)→ B(
X
G
)× B(
Y
H
)
is an equivalence of categories.
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Proof. As in Proposition 1.10, a bicoproduct of XG and
Y
H is given by
X
G
υX
ι(G)−→
Indι(G)X ∐ Indι(H)Y
G×H
υY
ι(H)←−
Y
H
for any pair of 0-cells XG ,
Y
H in S. Thus the pair of functors (
υX
ι(G)
)∗, ( υY
ι(H)
)∗ induces
an equivalence of categories
B(
Indι(G)X ∐ Indι(H)Y
G×H
) ≃ (G×H)set/
(
Indι(G)X ∐ Indι(H)Y
)
≃
(
(G×H)set/Indι(G)X
)
×
(
(G×H)set/Indι(H)Y
)
≃
(
Gset/X
)
×
(
Hset/Y
)
= B(
X
G
)× B(
Y
H
).

Remark that in Cat, the one-object category 1 is terminal. Moreover, for any
0-cell K in Cat, there is a one-to-one correspondence between objects k ∈ Ob(K)
and functors ik : 1 → K which sends the unique object in 1 to k. Condition (Der
2) can be stated as follows.
Condition 2. ((Der 2) in [7, Definition 1.5].) Let K be any 0-cell in Cat. For any
morphism f : A→ A′ in D(K), the following are equivalent.
(1) f is an isomorphism in D(K).
(2) i∗k(f) : i
∗
k(A)→ i
∗
k(A
′) is an isomorphism in D(1) for any k ∈ Ob(K).
Its analog for B is the following.
Proposition 6.2. Let XG be any 0-cell in S. For any morphism f : (A, a)→ (A
′, a′)
in B(XG ) = Gset/X, the following are equivalent.
(1) f is an isomorphism in Gset/X.
(2) f |a−1(x) : a
−1(x) → a′−1(x) is an isomorphism in B(1e ) = set (i.e. a bijec-
tion of sets) for any x ∈ X.
(3) f |a−1(X0) : a
−1(X0) → a′−1(X0) is an isomorphism for any G-orbit X0 ⊆
X.
Proof. This is trivial. 
Condition (Der 3) is as follows.
Condition 3. ((Der 3) in [7, Definition 1.5].) For any 1-cell u : J → K in Cat,
there is an adjoint triplet u! ⊣ u∗ ⊣ u∗, where u∗ = D(u).
Its analog for B is the following.
Proposition 6.3. For any 1-cell αθ :
X
G →
Y
H , we have an adjoint triplet (
α
θ )+ ⊣
(αθ )
∗ ⊣ (αθ )•.
Proof. This is already shown. 
In [7], condition (Der4) is written as follows ([7, Proposition 1.26]). For any pair
of functors J1
u1−→ K
u2←− J2, let (u1/u2) be the category defined by the following.
(i) An object in (u1/u2) is a triplet (j1, j2, α) of j1 ∈ Ob(J1), j2 ∈ Ob(J2) and
α ∈ K(u1(j1), u2(j2)).
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(ii) A morphism (f1, f2) : (j1, j2, α)→ (j′1, j
′
2, α
′) is a pair of f1 ∈ J1(j1, j′1) and
f2 ∈ J2(j2, j′2) satisfying u2(f2) ◦α = α
′ ◦ u1(f1). Composition is naturally
induced from those in J1 and J2.
Projection functors pr1 : (u1/u2)→ J1 and pr2 : (u1/u2)→ J2 are naturally defined,
which send (j1, j2, α) ∈ Ob(u1/u2) to pr1(j1, j2, α) = j1 and pr2(j1, j2, α) = j2.
They form a diagram
(6.1)
(u1/u2) J1
J2 K
pr1 //
pr2

u1

u2
//
ε{ ⑧⑧
⑧
where ε is a natural transformation defined by ε(j1,j2,α) = α. Condition equivalent
to (Der 4) can be stated as follows.
Condition 4. ((Der 4); Proposition 1.26 in [7].) For any (6.1), natural isomor-
phisms
(6.2) (pr2)! ◦ (pr1)
∗ ∼==⇒ u∗2 ◦ u1! and u
∗
1 ◦ u2∗
∼=
=⇒ (pr1)∗ ◦ (pr2)
∗
are obtained from the adjoint property.
Remark 6.4. For any pair of functors J1
u1−→ K
u2←− J2 as above, diagram (6.1)
satisfies the following universal property for any diagram
I J1
J2 K
F1 //
F2

u1

u2
//
ϕ{ ⑧⑧
⑧
in Cat.
(1) We have a functor F˜ : I → (u1/u2) which sends
- an object X ∈ Ob(I) to F˜ (X) = (F1(X), F2(X), ϕX),
- a morphism i ∈ I(X,Y ) to F˜ (i) = (F1(i), F2(i)).
This functor makes the following diagram commutative, and satisfies ϕ• =
ε ◦ F˜ .
I
(u1/u2) J1
J2
F˜
##❋
❋❋
❋❋
❋
F1
  
F2
%%
pr1
//
pr2



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(2) For any other functor F : I → (u1/u2) and natural transformations
I
(u1/u2) J1
J2
F
##❋
❋❋
❋❋
❋
F1
  
F2
%%
pr1
//
pr2

ξ1
CK
✎✎✎ ✎✎✎
ξ2
u} ssssss
which make the diagram of natural transformations
u1 ◦ pr1 ◦ F u1 ◦ F1
u2 ◦ pr2 ◦ F u2 ◦ F2
u1◦ξ1 +3
ε◦F

ϕ

u2◦ξ2
+3

commutative, there exists a unique natural transformation ξ : F ⇒ F˜ which
satisfies ξ1 = pr1 ◦ ξ and ξ2 = pr2 ◦ ξ. In fact, ξ is given by
ξX = (ξ1X , ξ2X) (∀X ∈ Ob(I)).
If we replace Cat by S, this is satisfied by the bipullback obtained in Proposition
1.11, as Remark 3.2.24 in [6] implies. In this sense, the following proposition can
be seen as an analog of (Der4), for B.
Proposition 6.5. For any bipullback
(6.3)
W
L
X
G
Y
H
Z
K
γ
µ //
δ
ν

α
θ

β
τ
//
{
κ ⑧⑧⑧
in S, we have the following natural isomorphisms.
(i) (βτ )
∗ ◦ (αθ )+
∼=
=⇒ ( δν )+ ◦ (
γ
µ )
∗.
(ii) (βτ )
∗ ◦ (αθ )•
∼=
=⇒ ( δν )• ◦ (
γ
µ )
∗.
Remark 6.6. (1) As for diagram (6.1), there is no 2-cell ε′ in general
(u1/u2) J1
J2 K
pr1 //
pr2

u1

u2
//
ε′ ;C⑧⑧⑧ ,
since 2-cells in Cat are not invertible. Condition 4 is not symmetric, and
does not imply (pr1)! ◦ (pr2)
∗ ∼= u∗1 ◦ u2! or u
∗
2 ◦ u1∗
∼= (pr2)∗ ◦ (pr1)
∗.
However in our case in S, the transposed diagram of (6.3) is of course
again a bipullback, because of the symmetry in its definition (remark that
2-cells in S are invertible). Thus we also have isomorphisms
(i)′ (αθ )
∗ ◦ (βτ )+
∼=
=⇒ ( γµ )+ ◦ (
δ
ν )
∗,
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(ii)′ (αθ )
∗ ◦ (βτ )•
∼=
=⇒ ( γµ )• ◦ (
δ
ν )
∗.
(2) As in [7], in the definition of a derivator, these natural isomorphisms are
explicitly constructed by using adjointness. However in this article, we do
not specify the construction of these isomorphisms, since we do not need it
to obtain semi-Mackey functors in the later argument.
Proof. (Proof of Proposition 6.5.) (i) We may assume (6.3) is of the form obtained
in Proposition 1.11. We shall show (βτ )
∗ ◦ (αθ )+
∼= ( ℘Ypr(H) )+ ◦ (
℘X
pr(G)
)∗. For any
(A, a) ∈ Ob(Gset/X), we have
(
β
τ
)∗ ◦ (
α
θ
)+(A
a
→ X) = (
β
τ
)∗(SIm(
α
θ
◦
a
G
)
(˜α◦a)
−→ Z)
= (Y ×
Z
SIm(
α
θ
◦
a
G
)
pY
−→ Y )
and
(
℘Y
pr(H)
)+ ◦ (
℘X
pr(G)
)∗(A
a
→ X) = (
℘Y
pr(H)
)+(F ×
X
A
pF
−→ F )
= (SIm(
℘Y
pr(H)
◦
pF
G×H
)
˜(℘Y ◦pF )
−→ Y ).
By the definition of SIm(αθ ◦
a
G ) = K×
G
A, the set Y ×
Z
SIm(αθ ◦
a
G) is the quotient of
Y ×
Z
(K ×A) = {(y, k, a) ∈ Y ×K ×A | β(y) = kα(a(a))}
by the relation
(y, k, a) ∼ (y′, k′, a′)
⇐⇒ y = y′ and, there exists g ∈ G satisfying k = k′θa(a)(g), a
′ = ga.
H-action on Y ×
Z
SIm(αθ ◦
a
G) is given by
h(y, [k, a]) = (hy, [τy(h)k, a]) (∀h ∈ H, (y, [k, a]) ∈ Y ×
Z
SIm(
α
θ
◦
a
G
)).
On the other hand, SIm( ℘Y
pr(H)
◦ pFG×H ) is the quotient of
H × (F ×
X
A) = {(η, x, y, k, a) ∈ H ×X × Y ×K ×A | β(y) = kα(x), x = a(a)}
∼= {(η, y, k, a) ∈ H × Y ×K ×A | β(y) = kα(a(x))}
by the relation
(η, y, k, a) ∼ (η′, y′, k′, a′)
⇐⇒ there exist g ∈ G and h ∈ H satisfying
η = η′h, y′ = hy, k′ = τy(h)kθa(a)(g)
−1, a′ = ga.
H-action on H × (F ×
X
A) is given by
h[η, y, k, a] = [hη, y, k, a] (∀h ∈ H, [η, y, k, a] ∈ SIm(
℘Y
pr(H)
◦
pF
G×H
)).
It can be easily confirmed that the map
Y ×
Z
SIm(
α
θ
◦
a
G
)→ SIm(
℘Y
pr(H)
◦
pF
G×H
) ; (y, [k, a]) 7→ [e, a(a), y, k, a]
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is a well-defined isomorphism in Hset/Y . This gives a natural isomorphism (
β
τ )
∗ ◦
(αθ )+
∼=
=⇒ ( ℘Y
pr(H)
)+ ◦ (
℘X
pr(G)
)∗.
(ii) This follows from the isomorphism
(
α
θ
)∗ ◦ (
β
τ
)+ ∼= (
γ
µ
)+ ◦ (
δ
ν
)∗
obtained in (i) (applied to the transposed diagram), and the following adjointness.
(
α
θ
)∗ ◦ (
β
τ
)+ ⊣ (
β
τ
)∗ ◦ (
α
θ
)•, (
γ
µ
)+ ◦ (
δ
ν
)∗ ⊣ (
δ
ν
)• ◦ (
γ
µ
)∗.

Let us show that these properties induce (semi-)Mackey functors on S, in the
sense of [6, Definition 5.1.1].
Definition 6.7. For any 0-cell XG , define
A(
X
G
) = Ob(Gset/X)/ ∼=
to be the set of isomorphism classes of objects in Gset/X . Coproducts and products
(= fibered products over X as G-sets) give a structure of a commutative semi-ring
on A(XG ). This is called the semi-Burnside ring.
Define Ω(XG ) to be the additive completion (= Grothendieck ring)
Ω(
X
G
) = K0(A(
X
G
))
of A(XG ). This is called the Burnside ring.
Remark that the functors (αθ )
∗, (αθ )+, (
α
θ )• associated to 1-cell
α
θ :
X
G →
Y
H induce
maps on isomorphism classes
A
∗(αθ ) : A(
Y
H )→ A(
X
G ),
A+(
α
θ ) : A(
X
G )→ A(
Y
H ),
A•(
α
θ ) : A(
X
G )→ A(
Y
H )
respectively. By the adjoint property, A∗(αθ ) is a semi-ring homomorphism, A+(
α
θ )
is an additive monoid homomorphism, and A•(
α
θ ) is a multiplicative monoid ho-
momorphism.
The next corollary immediately follows from what we have shown.
Corollary 6.8. The triplet (A∗,A+,A•) satisfies the following.
(1) A∗ : Sop → Set and A+,A• : S→ Set are strict 2-functors, where Set is the
category of sets, viewed as a 2-category equipped only with identity 2-cells.
For any 0-cell XG ∈ S
0, we have
A
∗(
X
G
) = A+(
X
G
) = A•(
X
G
) (= A(
X
G
)).
(2) For any pair of 0-cells XG ,
Y
H ∈ S
0, if we take their bicoproduct
X
G
υX
ι(G)−→
Indι(G)X ∐ Indι(H)Y
G×H
υY
ι(H)←−
Y
H
,
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then
(A∗(
υX
ι(G)
),A∗(
υY
ι(H)
)) : A(
Ind(G)X ∐ Ind(H)Y
G×H
)→ A(
X
G
)× A(
Y
H
)
is a bijection.
(3) For any bipullback
(6.4)
W
L
X
G
Y
H
Z
K
γ
µ //
δ
ν

α
θ

β
τ
//
{
κ ⑧⑧⑧
in S, the following diagrams are commutative.
A(WL ) A(
X
G )
A( YH ) A(
Z
K )
A+(
γ
µ
)
//
A
∗( δ
ν
)
OO
A
∗(α
θ
)
OO
A+(
β
τ
)
//
 ,
A(WL ) A(
X
G )
A( YH ) A(
Z
K )
A•(
γ
µ
)
//
A
∗( δ
ν
)
OO
A
∗(α
θ
)
OO
A•(
β
τ
)
//

Remark 6.9. As defined in [6, Definition 5.1.1], a pair of strict 2-functors (S∗, S∗)
satisfying the condition (1),(2),(3) above, is called a semi-Mackey functor on S.
Corollary 6.8 is saying that (A∗,A+) and (A
∗,A•) are semi-Mackey functors.
If (S∗, S∗) is a semi-Mackey functor on S, the value S(
X
G ) = S
∗(XG ) = S∗(
X
G ) has
a naturally induced commutative monoid structure for each 0-cell XG ([6, Proposition
5.1.7]). If this monoid is an abelian group for any XG , then (S
∗, S∗) is called aMackey
functor on S.
7. Partial Tambara structure on Ω
For a fixed finite groupG, a Tambara functor is a machinery to deal with Ind,Res
and Jnd between subgroups of G. While the compositions Res◦ Ind (and Res◦Jnd)
are calculated by using pullbacks, the compositions Jnd ◦ Ind are calculated by
using exponential diagrams. Let us briefly recall the definition of ordinary Tambara
functors from [8]. (In [8], Tambara functor is called a TNR-functor.)
Definition 7.1. ([8, section 1]) Let G be a fixed finite group. For a morphism
f ∈ Gset(X,Y ) and an object (A, a) ∈ Ob(Gset/X), take
f•(A, a) = (Πf (A)
πY−→ Y ),
f∗f•(A, a) = (X ×
Y
Πf (A)
pX
−→ X).
Then the unit of the adjoint f∗ ⊣ f• gives a morphism ρ ∈ Gset/X(f∗f•(A, a), (A, a)).
Thus we obtain a commutative diagram in Gset
(7.1)
X A X ×Y
Πf (A)
Y Πf (A)
aoo ρoo
f

f⋄

πY
oo

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whose outer square is a fibered product. Explicitly, the map ρ is given by
ρ(x, (y, σ)) = σ(x) (∀(x, (y, σ)) ∈ X ×
Y
Πf (A)).
A diagram in Gset isomorphic to (7.1) arising from some f and a, is called an
exponential diagram.
Definition 7.2. ([8, section 2]) Let G be a fixed finite group. A semi-Tambara
functor T is a triplet T = (T ∗, T+, T•) of functors on Gset
T ∗ : Gset → Set , contravariant
T+ : Gset → Set , covariant
T• : Gset → Set , covariant
which satisfies the following conditions.
(i) (T ∗, T+) and (T
∗, T•) are semi-Mackey functors on G. In particular we
have
T ∗(X) = T•(X) = T+(X)
for any X ∈ Ob(Gset). We write this simply as T (X).
(ii) For any exponential diagram
X A Z
Y P
aoo ρoo
f

λ

π
oo

in Gset , the following diagram becomes commutative.
T (X) T (A) T (Z)
T (Y ) T (P )
T+(a)oo T
∗(ρ) //
T•(f)

T•(λ)

T+(π)
oo

If T is a semi-Tambara functor, then T (X) has a canonically induced structure of
a commutative semi-ring ([8]). For any G-map f , each T ∗(f), T+(f), T•(f) becomes
semi-ring homomorphism, additive homomorphism, and multiplicative homomor-
phism, respectively.
A semi-Tambara functor T is called a Tambara functor if T (X) is a ring for any
X ∈ Ob(Gset). This is equivalent to require (T ∗, T+) to be Mackey functor on G.
Example 7.3. For any fixed G, semi-Burnside rings form a semi-Tambara functor
A on G, which assigns
X 7→ A(X) = (Gset/X)/ ∼= (∀X ∈ Ob(Gset)),
f 7→


A∗(f) = f∗
A+(f) = f+
A•(f) = f•
(∀f ∈ Gset(X,Y ))
as in [8]. Similarly, Burnside rings form a Tambara functor on G.
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We consider their analogs on S.
Definition 7.4. For a 1-cell αθ :
X
G →
Y
H and an object (A, a) ∈ Ob(Gset/X), take
(
α
θ
)•(A, a) = (P
πY−→ Y ),
(
α
θ
)∗(
α
θ
)•(A, a) = (X ×
Y
P
pX
−→ X).
Then the unit of the adjoint (αθ )
∗ ⊣ (αθ )• gives a morphism
ζ ∈ Gset/X((
α
θ
)∗ (
α
θ
)•(A, a), (A, a)).
Together with Proposition 2.4, we obtain a commutative diagram in S
(7.2)
X
G
A
G
X×
Y
P
G
Y
H
P
H
a
Goo
ζ
Goo
α
θ

α⋄
θ⋄

πY
H
oo

whose outer square is a bipullback. In this article, we call (7.2) the partial expo-
nential diagram in S, associated to αθ and a. The term partial means that, contrary
to the case of Gset , 1-cells
a
G appearing in (7.2) is restricted to equivariant ones.
Remark 7.5. Let us look at the construction of (7.2) more in detail.
- Put X˜ = SIm(αθ ), and
α
θ =
α˜
H ◦
υα
θ be the SIm-factorization.
- Take (A, a)θ = (Aθ, aθ), and put Sθ((A, a)
θ) = (A˜
a˜
−→ X˜).
Then by definition, we have
(αθ )•(A, a) = Πα˜(A˜, a˜) = (Πα˜(A˜)
πY−→ Y ),
(αθ )
∗(αθ )•(A, a) = (
α
θ )
∗Πα˜(A˜, a˜) = (X ×
Y
Πα˜(A˜)
pX−→ X).
Here, Πα˜(A˜) is given by
Πα˜(A˜) =


(y, σ)
∣∣∣∣∣∣∣∣∣∣
y ∈ Y,
σ ∈ set(α˜−1(y), A˜),
α˜−1(y) A˜ = H ×
G
Aθ
X˜
σ //
l
✻
✻✻
✻✻
✻
a˜
✟✟
✟✟
✟✟


Proposition 2.4 yields a bipullback in S as follows.
(7.3)
X
G
X×
Y
Πα˜(A˜)
G
Y
H
Πα˜(A˜)
H
pX
Goo
α
θ

α⋄
θ⋄

πY
H
oo

Explicitly, ζ : X ×
Y
Πα˜(A˜) → A is given as follows. Let (x, (y, σ)) ∈ X ×
Y
Πα˜(A˜)
be any element. Since it satisfies
α˜([e, x]) = α(x) = πY (y, σ) = y,
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we can apply σ to [e, x] ∈ α˜−1(y), and express its value as
(7.4) σ([e, x]) = [η, a] in H ×
G
Aθ
with some η ∈ H and a ∈ Aθ. Then the equality
[e, x] = a˜([η, a]) = [η, a(a)] in X˜
implies the existence of g ∈ G satisfying
(7.5) η = θa(a)(g) and x = ga(a).
By using the definition of Aθ ⊆ A, we can confirm that a0 = ga ∈ Aθ does not
depend on choices of η, a, g satisfying (7.4), (7.5). In fact, a0 is uniquely determined
by the equalities
(7.6) [e, a0] = σ([e, x]) and a(a0) = x.
Thus the assignment ζ′(x, (y, σ)) = a0 gives a well-defined map
ζ′ : X ×
Y
Πα˜(A˜)→ A
θ,
which is shown to be G-equivariant, by using the characterizing equality (7.6).
We obtain ζ as the composition of X ×
Y
Πα˜(A˜)
ζ′
−→ Aθ →֒ A. Thus there is a
commutative diagram
Aθ X ×
Y
Πα˜(A˜)
X A
ζ′oo
a
θ

r
$$❏
❏❏
❏❏
❏❏
❏❏
❏❏
❏❏
ζ

a
oo


in Gset .
From α˜ ∈ Hset(X˜, Y ) and (A˜, a˜) ∈ Ob(Hset/Y ), we can draw the associated
exponential diagram
(7.7)
X˜ A˜ X˜ ×Y
Πα˜(A˜)
Y Πα˜(A˜)
a˜oo ρoo
α˜

α˜⋄

πY
oo
p
X˜
zz


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in Hset . Then we have the following commutative diagram in S,
(7.8)
X
G
X×
Y
Πα˜(A˜)
G
X˜
H
X˜×
Y
Πα˜(A˜)
H
Y
H
Πα˜(A˜)
H
pX
Goo
υα
θ

υα⋄
θ⋄

p
X˜oo
α˜
H

α˜⋄
H

πY
oo
α
θ

α⋄
θ⋄
~~


 
where υα⋄ is defined by υα⋄(x, (y, σ)) = ([e, x], (y, σ)).
In (7.8), the outer square is equal to (7.3), which is a bipullback. The lower
square comes from the outer square of (7.7), which is also a bipullback. Thus the
upper square of (7.8) becomes a bipullback. In particular the stab-surjectivity of
υα
θ implies that
υα⋄
θ⋄ is stab-surjective. Thus
α⋄
θ⋄ =
α˜⋄
H ◦
υα⋄
θ⋄ gives a factorization
of α
⋄
θ⋄ into equivariant
α˜⋄
H and stab-surjective
υα⋄
θ⋄ , which implies the following H-
isomorphism.
X˜ ×
Y
Πα˜(A˜) ∼= SIm(
α⋄
θ⋄
)
= SIm(πY ◦
α⋄
θ⋄
) = SIm(
α
θ
◦
pX
G
).
If we apply Lemma 4.9 (2) to the stab-surjective 1-cell υαθ , then the unit of
(υαθ )+ ⊣ (
υα
θ )
∗ gives an isomorphism
ω : (Aθ, aθ)→ (X ×
Y
A˜, pX) ; a 7→ (a(a), [e, a]).
Composing this with the diagram obtained in Proposition 2.4, we have a bipullback
in S
X
G
Aθ
G
X˜
H
A˜
H
a
θ
Goo
υα
θ 
υ
θ′
a˜
H
oo

where υθ′ is defined by
υ(a) = [e, a], θ′a = θa(a)
for any a ∈ Aθ. This υθ′ makes the following diagram commutative.
(7.9)
X
G
Aθ
G
X×
Y
Πα˜(A˜)
G
X˜
H
A˜
H
X˜×
Y
Πα˜(A˜)
H
a
θ
Goo
ζ′
Goo
υα
θ

υ
θ′

υα⋄
θ⋄
a˜
H
oo
ρ
H
oo
 
Since the left and outer squares are bipullbacks, the right square also becomes a
bipullback.
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Proposition 7.6. Let A = (A∗,A+,A•) be the triplet as in Definition 6.7. For
any partial exponential diagram (7.2), the following diagram becomes commutative.
A(XG ) A(
A
G ) A(
X×
Y
P
G )
A( YH ) A(
P
H )
A+(
a
G
)
oo A
∗( ζ
G
)
//
A•(
α
θ
)

A•(
α⋄
θ⋄
)

A+(
πY
H
)
oo

Proof. Let (B, b) ∈ Ob(Gset/A) be any object. It suffices to give an isomorphism
(
α
θ
)•(
a
G
)+(B, b) ∼= (
πY
H
)+(
α⋄
θ⋄
)•(
ζ
G
)∗(B, b)
in Hset/Y .
We use the detailed description given in Remark 7.5. Applying (−)θ to the
morphism
b : a+(B, b) = (B, a ◦ b)→ (A, a)
in Gset/X , we obtain
b
θ : (Bθ, (a ◦ b)θ)→ (Aθ, aθ).
Furthermore, applying Sθ : Gset/X → Hset/X˜, we obtain a morphism
b˜ : (B˜, (˜a ◦ b))→ (A˜, a˜),
where we put Sθ(B
θ, (a ◦ b)θ) = (B˜, b˜) and Sθ(bθ) = b˜.
If we regard (Bθ, bθ) as an object in Gset/A
θ, then we have
(−)θ ◦ ( aG)+(B, b) = (B
θ, (a ◦ b)θ) = (a
θ
G )+(B
θ, bθ),
( υθ′ )+(B
θ, bθ) ∼= (B˜, b˜).
Moreover, the bipullback in (7.9) gives isomorphisms
Sθ ◦ (
aθ
G
)+(B
θ, bθ) ∼= (
υα
θ
)+(
aθ
G
)+(B
θ, bθ)
∼= (
a˜
H
)+(
υ
θ′
)+(B
θ, bθ) ∼= a˜+(B˜, b˜),
Sα⋄
θ⋄
◦ (
ζ′
G
)∗(Bθ, bθ) ∼= (
υα⋄
θ⋄
)+(
ζ′
G
)∗(Bθ, bθ)
∼= (
ρ
H
)∗(
υ
θ′
)+(B
θ, bθ) ∼= ρ∗(B˜, b˜)
by Corollary 6.8.
Since (7.7) is an exponential diagram in Hset , by Example 7.3 we have
Πα˜a˜+(B˜, b˜) ∼= πY+Πα˜⋄ρ
∗(B˜, b˜) in Hset ,
for (B˜, b˜) ∈ Ob(Hset/A˜).
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Composing the isomorphisms so far obtained, we have
(
α
θ
)•(
a
G
)+(B, b) ∼= Πα˜Sθ ◦ (−)
θ ◦ (
a
G
)+(B, b)
∼= Πα˜Sθ(
aθ
G
)+(B
θ, bθ)
∼= Πα˜a˜+(B˜, b˜)
∼= πY+Πα˜⋄ρ
∗(B˜, b˜)
∼= (
πY
H
)+Πα˜⋄Sα⋄
θ⋄
◦ ζ′∗(Bθ, bθ).
Thus it remains to show
(7.10) ζ′∗(Bθ, bθ) ∼= (−)θ
⋄
◦ ζ∗(B, b).
Take a fibered product
B B ×
A
(X ×
Y
Πα˜(A˜)) = C
A X ×
Y
Πα˜(A˜)
poo
b

q

ζ
oo

in Gset . Then we have
ζ∗(B, b) = (C, q),
ζ′∗(Bθ, bθ) = ζ∗(Bθ
b|
Bθ−→ A) ∼= (p−1(Bθ), q′)
where q′ : p−1(Bθ)→ X ×
Y
Πα˜(A˜) is the restriction of q onto p
−1(Bθ) ⊆ C. This is
the left hand side of (7.10). On the other hand, the right hand side of (7.10) is, by
definition
(−)θ
⋄
◦ ζ∗(B, b) = (Cθ
⋄
, q′′),
where q′′ is similarly the restriction of q onto Cθ
⋄
. Thus it suffices to show
p−1(Bθ) = Cθ
⋄
as subsets of C.
Explicitly, by the characterization (7.6), C is
C = {(b, x, (y, σ)) ∈ B ×X ×
Y
Πα˜(A˜) | b(b) = ζ(x, (y, σ))}
= {(b, x, (y, σ)) ∈ B ×X ×
Y
Πα˜(A˜) | [e, b(b)] = σ([e, x]), a(b(b)) = x},
on which G acts by
g(b, x, (y, σ)) = (gb, gx, θx(g)(y, σ))
(∀g ∈ G, (b, x, (y, σ)) ∈ C).
Maps p and q are defined by
p(b, x, (y, σ)) = b, q(b, x, (y, σ)) = (x, (y, σ))
for any (b, x, (y, σ)) ∈ C.
Let c = (b, x, (y, σ)) ∈ C be any element. Remark that we have
θa(b(b)) = θx = θ
⋄
(x,(y,σ)) = θ
⋄
q(c).
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Thus for any g, g′ ∈ G, we have
g ≡
(θ,a◦b)
g′ at b ⇔ θx(g) = θx(g
′) and gx = g′x
⇔ θx(g) = θx(g
′) and g(x, (y, σ)) = g′(x, (y, σ))
⇔ g ≡
(θ⋄,q)
g′ at c.
This implies
c ∈ p−1(Bθ) ⇔ b ∈ Bθ
⇔ gb = g′b whenever g ≡
(θ,a◦b)
g′ at b
⇔ g(b, x, (y, σ)) = g′(b, x, (y, σ)) whenever g ≡
(θ⋄,q)
g′ at c
⇔ c ∈ Cθ
⋄
,
which means p−1(Bθ) = Cθ
⋄
. 
From those obtained so far, we can show the triplet Ω = (Ω∗,Ω+,Ω•) satisfies
analogous properties to Tambara functors. We use the definition and properties of
polynomial maps (which are called algebraic maps in [4]).
Definition 7.7. ([4, Section 5.6]) Let A be an additive monoid, M be an abelian
group, and ϕ : A → M be a map. For any n elements a1, a2, . . . , an ∈ A, a map
D(a1,a2,...,an)ϕ : A→M is defined by
D(a1,...,an)ϕ(x) =
n∑
k=0
( ∑
1≤i1<···<ik≤n
(−1)n−kϕ(x + ai1 + . . .+ aik)
)
.
The map ϕ is said to be polynomial if either ϕ = 0 or there exists a positive integer
n such that
D(a1,...,an)ϕ = 0 (∀a1, . . . , an ∈ A).
For any polynomial map ϕ : A→M , its degree is defined by
degϕ = max{n ∈ N≥0 | ∃a1, . . . , an ∈ A such that D(a1,...,an)ϕ 6= 0}
if ϕ 6= 0, and degϕ = −1 if ϕ = 0.
Also, for a map between additive monoids, we define as follows.
Definition 7.8. A map ϕ : A → B between additive monoids A and B is said to
be polynomial of degree n if κB ◦ ϕ : A → K0B is polynomial of degree n in the
sense of Definition 7.7, where κB : B → K0B is the group completion map.
Remark 7.9. Let A,B,C be additive monoids. If ϕ : A → B and ψ : B → C are
polynomial maps of degree m and n respectively, then ψ ◦ ϕ : A → C becomes
polynomial of degree ≤ mn.
Proposition 7.10. Let ϕ : A→ B be a polynomial map between additive monoids A
and B. Then there exists a unique extension ϕ˜ : K0A→ K0B of ϕ as a polynomial
map, i.e. unique polynomial map ϕ˜ satisfying ϕ˜ ◦ κA = κB ◦ ϕ. Moreover, the
following holds.
(1) If ϕ is additive, then ϕ˜ is also additive.
(2) If A,B are commutative semi-rings and ϕ is multiplicative, then ϕ˜ is also
multiplicative.
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Proof. The construction can be found in [4]. 
Proposition 7.11. For any 1-cell αθ :
X
G →
Y
H , those maps
A
∗(
α
θ
),A+(
α
θ
),A•(
α
θ
)
are polynomial. Thus they extend to yield the maps between Ω(XG ) and Ω(
Y
H )
Ω∗(
α
θ
),Ω+(
α
θ
),Ω•(
α
θ
),
uniquely as polynomial maps.
Proof. A∗(αθ ) and A+(
α
θ ) are additive, and hence polynomial. As for A•(
α
θ ), by
definition, it is a composition of maps induced from the functors
(7.11) Sθ ◦ (−)
θ : Gset/X → Gset/SIm(
α
θ
)
and
(7.12) Πα˜ : Gset/SIm(
α
θ
)→ Hset/Y.
As in [8], the functor (7.12) induces a polynomial map A•(
α˜
H ) = A(α˜) : A(SIm(
α
θ ))→
A(Y ). Since Sθ and (−)θ preserve coproducts, (7.11) induces an additive map
A(XG )→ A(
SIm(α
θ
)
H ). 
Corollary 7.12. The triplet Ω = (Ω∗,Ω+,Ω•) in Definition 6.7 satisfies the fol-
lowing.
(i) (Ω∗,Ω+) is a Mackey functor, and (Ω
∗,Ω•) is a semi-Mackey functor on
S.
(ii) For any partial exponential diagram (7.2), the following diagram becomes
commutative.
Ω(XG ) Ω(
A
G) Ω(
X×
Y
P
G )
Ω( YH ) Ω(
P
H )
Ω+(
a
G
)
oo Ω
∗( ζ
G
)
//
Ω•(
α
θ
)

Ω•(
α⋄
θ⋄
)

Ω+(
πY
H
)
oo

Proof. This follows immediately from Remark 6.9, Propositions 7.6, 7.10 and 7.11.

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